27}: Nonparametric Regression

Lecturer: 2 2023 7+235t7|

2.1 Introduction
2.1.1 Definition
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2.1.2 Norm and Risk
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175 — moll7 or || — mol3
orm (empirical) Ly error2til K2t} oJ7]A m dlolg o] wahA Zetal gtol7] wZef &
il

n 11—
2 A7V 4= Qltt. whebA] Ly error GA] randomo|th. §HoF L2171 A 2-& IEH] (X,Y)E WAgct
o] ®=2]9] L, error?] 7|High-e th-Sa} e},

E(Y — m(X))? = /bdePX(x) + /v(x)dPx(x) + 72 = | —mo|? + 7
71 A b, (x) = E [m(x)] — mo(x)< bias, v(x) = Var (m(r))& varianceo|™ 72 = E(Y — mg(x))?2 22}5} €

of satolth. el Beo] BALE (complexity)® ZAsh= 4] ZAW (smoothing parameter) 217}
Sttt g o] BX T = bias®t variance®] tradeoff 2 o] F oz 1712 o] WAE HoJF11 gt

Total Error

Varian

Optimum Model Complexity

Bias

&

Model Complexity

1% 1: Bias-variance tradeoff as a function of model complexity

2.1.3 H|X4 FE (nonparametric inference)o|g?

H 4 F20]| 9u|sh= 22 37 classical nonparametric inference™ modern inference F7}A]| 2 0] A
AZ1sE 4= 9lth. Az}l AL rankES 7|HEo 2 St EAIRF O R Freedman’s test, Kruskal-Wallis test,
Wilcoxon rank test 52 S &4 Attt o] £YoAE= &2} dgdt= modern nonparametric inference2
FTHACRE OF oAolth. o] #-¢ nonparametric> AP 40| ATt Bl oJu|gitt. Modern
nonparametric inference> =7 glojA EEet et AibE-S Lot ity BHIRS FE|A A5t
77 S Tl B4 T4ETel Ut 1S dk BE old BEIRE A7]0] 47 F4-So] Juht

=
E}AE HoFE AeFzdolztal A4 & 3l

o(z)7} Sobelov bl otetal 7148 7 2 At basis function g; (z) 5 o]-§3t0] th-21} o] Lpepd

mo =Y B;g;(x)
j=1



22+: Nonparametric Regression 3

= moS FHSE AL Tl B {8}, 5 F4sHE AT 2k shAR L2t ol o] AGHTH Be
RS FT S Qlong meo] TARS m(x) = X7, Big;(0)E FAohs & ¥ & ok o] B¢
FAere oyt 2t
n
m(z) = ) Bjgj(x)

lmo —ml3 =" |lmo—ml3  + |lm—mol3
—_—— —_——
approximation error estimation error

A7 AHA T2 AL A approzimation error)E UERJH o] Qxt= FHA G 4 Q 2} estimation
error) Tt B4 AT} o] At Ate] AL PAETl whet AT the HE spline basisE A8
A0l 2Ar2A ANAE LoIF

Theorem 2.1. (de Boor 1978) For any twice differentiable function mg on [0, 1] and points t1,...,ty € [0, 1],

there is a cubic spline mg with knots at t1,...,tx such that

sup [m(z) = mo(a)| < T [ mie)2de
z€[0,1]

With N = y/n, one can easily see the approximation error is of order 1/n which is smaller than the estimation

error in nonparametric function estimation.

2.1.4 Function Spaces
J%oA i 2AQl G4 ol Ao] Q&7 o] oA S oA Hol AHgShe fHraghEol Hish

A oropa.

Mo

e The class of Lipschitz functions H(1,L) on T' C R is the set of functions g such that

l9(y) — g(x)| < Lz —y| for all x,y € T.

e The Hoélder space H(S, L) is the set of functions g mapping T to R such that g is £ = § — 1 times

differentiable and satisfies

l9°(y) — g"(y)| < L|z — y| for all z,y € T.

e The Sobolev space Sy (3, L) is the set of § times differentiable functions g : R — R such that

/ (99 (2))2dz < L2.



4 22 Nonparametric Regression

2.2 Regressogram and k-nearest-neighbors regression

2.2.1 Regressogram

SAEIRE ol /b MEAOR ASHE Bue) JHE AZHoR EESHs PHold. HAEIAL
A2 FASTHH S5 W E g (probability density function)2 AT 4 = A e Jgo =2 3]
A5 FA k= W o] regressogramo]tt.

A 227} (X1, V), .., (Xo, V) B TEECHT A4Sl 01714 X, € [0,1]011 Vi
Ao 2 [¥] < C < oo for some C. 3742 X,9] SHEUE S 7} 01aat 22 2AL BEAI A

f >c>0
xéﬂ)uf( z)>c

O]A] mo7} [0,1]oll A A 2]% Lipschitz continuous ¥F42k1l 5}A}. 0] -2 regressogram< th-2-1F Zo] A o)H
o} .
>z Yil(Xi € By)

) =S € B

yford=1,....M

714 By = [, Lyolm] ML bin®] A4S Lepdch. Uuh4 0 & binwidth h = 1/ME o] &34 $]9] 42
oAl e 4=tk of71A M X A7} smoothing parameter® ©] smoothing parameterE optimald}il
A= A o] regressogram @] As-2 9514 Ht.

Optimal smoothing parametric 5}7] €5} 4

Elgs = -2 MSE(Mean Squared Error)E A4t
S o]& AR d}+= smoothing parameter M*& )

rlr
Y
)
I

E((M(z) —mo(2))?) = (Elm(x)] —mo(x))® +E[((z) — E[m(x)])]?

Bias® (#(x)) Var (7 (x)))
1 M
= 0 @)

webA M* < nl/30] FlHM*E 9]9] MSE Z4]o| t1¢JstH optimal convergence rateZ -8 4= Qlt}. o] 79

optimal convergence rate- O(n~2/3)o]t}.

2.2.2 k-nearest-neighbors regression

greF £ bin¢te]l Q= dlolEl7} shute QA 9= 4% Sl binoll A regressogram ] 74 2|= 0°] Hr}. o]
BEAE sfAs7] st 7 4HE-E bin®] A4t £-& smoothing parameter 2 5}2] 911 bin¢to] o] & 9]
745 smoothing parameter A3k= Zolth. & BE binel Sol7ks Hlolelo] A4t FUAsH §4517]

918 bino] 2 WA 7= Aolet.

k-nearest-neighbors (knn) regression< th-2-3 Zo] A oJa 4~ Qlrt.
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AZIA Ni(2)2 X1, ..., Xno zoll 7V 71742 k 2= 9] index set-= LFERATE
919 4] (77)2 Tha 3} 2ol WA 4% 9.

4714
% if z; is one of the k nearest points to x
wi(z) =
0 otherwise.

o},

Al (27)2 AFA knno] V; 9] AP AYU-S HojFt o|HAI O 2 EHEE S| ASTFAHA]E linear smoothergt
onparametric regression function F% ] 7} linear smootherd] 2 H Y 4~ Q111 o] & £S5}
A AL 2 2= Qlry. ©A e TR 7H (i) E(Y?2) < 003(2) kyy — 00, kn /1 — 0

o A knn % X|= universally consistent ©|T}.

32

knnoj| A k = k,, ©] smoothing parametric¥] 2 & 4~

o T
r}ms

E||m — mgl/2 — 0, as n — oo

mut o2} mg 7} Lipschitz continuous@ 7% k < n?/Gtdolatd -2 A7E HolZ 4= 9t}
E 71— mofl3 <
Proof.
E(m(x) —mo(x))? = (Elm(z)] —mo(z))” +E[(M(z) — E[m(x)]))?
Bias® (m(z)) Var (in()))
2
1 2 0'2
= |5 > (mo(Xi) —mo(2))* | + -
i€Ng (T)
2
L o?
s % Z I1X: — |3 T
1EN ()
X7 5702 W= Qlrky 73Tk ot S0 A L ket 228 1l 4 ik For € > 0,

I1X; = @ll2 < C(k/n)!/*

wakA MSEE thg3} Zo] olwr,
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o] 7] 4] bias-variance tradeoffS AF8-3H}H optimal smoothing parameter= k =< n?/(+do] =} ol o]
smoothing parameterS MSES] AAFAlo] thA] thlshH optimal convergence rate?} n=2/(G+dele Hol

AT O
2]9] optimal convergence rate= 2] Z= (curse of dimensionality)E Ho]F31 QIt}. H|o|E 2] 7] no]
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Dimension d

713 2: The curse of dimensionality with e = 0.1

2.3 Kernel Smoothing and Local Polynomials

2.3.1 Kernel Smoothing

bt HE B 27} A0 ST e
A28 uet i Es}s) mol7) sl7] gIaiE

ernelo| 2}l gttt
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QA2 kemnel 4 K R — R 0}l 2 272 wEg,

/K(t)dt: 1, /tK(t)dt =0, 0< /tQK(t) < 00
HHA0 g go] ARRE«= kernel g-= th2 37F2] ot}

o Box-car kernel:

1 if g <1/2.
K(t) =
0 otherwise
o Gaussian kernel:
1 2
K(t) = e 7

e Epanechnikov kernel:
3/4(1—t%) |t| <1

0 otherwise

o

knn-g YHFS}SE Nadayara-Watson kernel regression2 th-2-3} Zto] A o] =t

n lo—X0l ) v~ n
Ll L
Zi:lK( A ) '
A7 A wi(r) = K (“’”‘hX"“) /3K (“x_hiX’H)O]E]- 19 77%= 123399 A knn¥} Nadayara-Watson regres-

sion®] FA2E Ho]F11 Qth

Nearest-Neighbor Kemel Epanechnikov Kemel
2 o 2T {zxo) = o AT (-T()}_
. o P g - ’ C g
31 oy 5 214 :
RN

00
00
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1

1% 3: knn vs kernel regression with Epanechnikov kernel when d = 1 (Hastie et al. 2009)
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N-W Kemel at Boundary Local Linear Regression at Boundary
o a :
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on Iy F-] a4 as as 10 an () a2 as s as 10

1% 4: kernel regression vs local regression with Epanechnikov kernel when d = 1 (Hastie et al. 2009)

gtoF compactly supported kernel K} bandwidth h = h,7} no] B3| 2 Z A h, — 0 and nhl — oo

o]2}tH kernel regression estimator @ A| universally consistents}tt.
E|lm —mol|3 — 0asn — 0,

B A gL ohe Aels gxskat

Theorem 2.2. Suppose that d = 1 and that m” is bounded. Also suppose that X has a non-zero, differen-
tiable density p and the support is unbounded. Then, the risk is

R, = h% (/m2K(x)dx>2/ (m”(x)+2m’(x) Z:((;”)))zdx

+ U2fi(}j:m)da: /p(lw)dx—i—o <ni11n> +o(ht).

i

410 Aol 4 WAL bias?S LRI SHAGE 2414 12 Zolth. o] 72 optimal bandwidthe]
order= O(n~1/%)o]n] o]7]o]] T|-2 %= risk (optimal convergence rate)2] order= O(n~%/%). o]7]A & sh}
F235F -2 boundaryo| 4] bias®] order’} O(h)2 Z7}gtth= Folth. 13 772 kernel smoothing2 ARESF
78-%- boundaryol A 24142 HofFrt. Local polynomialsg AH8-SHA o] A4 S22 4= .

2.3.2 Local Polynomials

P A A-gots BARF S PR
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Local polynomial regression 2= zof| 2202 thg 3| A& AdAA f(z) & SASH: Pl
fu) = Bo(@) + Bi()(u — x) + Ba(u — 2)* + - Bp(a) (u — 2)?
71 ue 29 2] oot

B= argéninz (Yz - [Bo 4B+ B+ + Bpxp})z

= 0792 kernel regression®] H-2 &4 9t}

%
_O|L
2
4
sk
al
3
v
I
et
=

1] Aol f(a) = Bo(x)1E ©

ol p = 10]2+H local linear estimator’} 11 o] 52 2] 72 local linear estimator?} o} 53t FAF
o2 AF8SF 4 9lth. HE kernel methodof| A 7]25]oF & AFSHE kernel®] /= = Q5FA] 911 smoothing
parameter h-& o] BA Aest=17} FH2|7F dutt 225 A grh= AR ol

Local polynomial regression estimate= TF2-1} Zto| Fo]Zt}.

A7 ()T = (b (2),... la(2)), Z

g(x)T = eP{(Xa?Wsz)_lXEWm

e1 = (L,0,...,0)T oW X, 9 W, o3 o] A ojdrh

1 Xy—z - (X;—x)?/p! K (=) 0 0
1 Xo—2z -+ (X2—2)P/p! 0 K (=%
Xe=|. . . W = . (h)
1 Xp,—2 - (X, —2z)P/p 0 0 K(szf()

Theorem 2.3. Whenp=1, f = St i(x)Y;, where

o) = 5 Gy
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Here

2.4 Linear Smoothers
2.4.1 Definition

o7hA] 47§ BE %L linear smoothero|th. % Y, 50| A@AFOR A 4 i FAolet

ojololt. )
m(x) = Z w;(2)Y;
i=1
A7 w;(z)= zgroll o8l AAE I B E FAHZFL smoothing parameter h7} It}

f=(m(X1),...,m(X,))2tal tHE i = Syo 2 FAY 4= 9lov o714 S& smoothing matrixo|t}. EJF

o
oA
effective degrees of freedom-& ThEi} o] A ojgl 4= it

3

i=1
Effective degrees of freedom-2 AP smoothing parameter h] &2 EAT 4 9Jom BFPO] BT (com-
plexity) & UYEtH = AL 2 AL o= Qltt. Effective degrees of freedom-2 HE linear smootherof| A A 2%t

4= Q1o B 2 gpline smoothing} local regression*] ¥ A2 TFE smoothing parameters ARESHE 2 E B 9]
EHEE g 4 vk A& A Q)

2.4.2 Choosing the Smoothing Parameter

t}-23} Z+2 training error®] 7|t gt S| EA}.

E (traning error) = E Z(K — m(X;))?
=1
_ % S E(Y; - m(X0) + m(X) - m(X5))?
= g2 + % zn:MSE(’ff\l(Xl)) - — zn: Cov (}/um(Xz))

-~

AdlA © 2 training datao| A Y;9} Y; = m(X;)

1
— AR =
training data”} risk& A5 5h= o5 Aot ot 3WA 2 oh3} Zo] AT 4
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> Cov (¥ m(X,) = tr(Cov (Y i) = tr(SVar (¥)) = o*tx(S)

HAFAHL 10s5t7] Y3 oh23}F T2 leave-one-out cross-validation2 112 5[ H 2}

i=1
7| A m—te HA| A= A ith data pair (X;, Y;)S A Qeta AAG AR olu|git}. whabA] Vb m (X))
+ A2 FYol7] wiel 3sAgel tiet A4 54 ot Hrt.

are independent so we don’t need to worry about the third term.

TSt ot 9] A& AFESHTHH 4417 leave-one-out CV-E AAFE 4= Qltt.

v =13 (B

i=1

Proof. Recall m(X;) =>""_, S;;Y; where S;; are (4, j) element of S. To remove the influence of the ith pair,
consider

m(X;) = SuYi =Y S;Y;

i#]
By renormalizing LHS,
P 1 N
m~(Xi) = 1-9, (m(X;) — SiY5).
Hence v (X))
~ 7 1 ~ T T?L 4
Y"L —m (Xz) ) 1 — S“ (m( z) S’LZY) 1 — Sii

O

ol

gA oIt 91e] Aol S

Generalized cross-validation (GCV) £ leave-one-out cross-validation< 7+H3} <

£ Y0, Sufn = r(S)/n2 THAHE heT 2E A4S L 5 9k
1S Y-\
GCV(m>—nZ<1y/n) :

& 7] A v+= effective degrees of freedomo]tt}.

7H & A% (1-0) 72 & 1+ 202k AL ol gaTh,

covim = (1-2) " ovim) ~ L 3w - mx2 + 2o

: n
=1
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o]7]1 4 52L& MSE (training error)E ©o]-&35}o] Z4gict.

% ¢° & full model (BE JSHFE 2T 2)olA ALte MSER tix|std 910 ZAR= & oz

Mallow’s C, 2} t}.
2V _
e

o]7]1 4 52 & full 2§ 2] MSE©]|t}.



